Abstract-Multivariate B-spline surfaces over triangular parametric domain have many interesting properties in the construction of smooth free-form surfaces. This paper introduces a novel approach to reconstruct triangular B-splines from a set of data points using inverse subdivision scheme. Our proposed method consists of two major steps. First, a control polyhedron of the triangular B-spline surface is created by applying the inverse subdivision scheme on an initial triangular mesh. Second, all control points of this B-spline surface, as well as knotclouds of its parametric domain are iteratively adjusted locally by a simple geometric fitting algorithm to increase the accuracy of the obtained B-spline. The reconstructed B-spline having the low degree along with arbitrary topology is interpolative to most of the given data points after some fitting steps without solving any linear system. Some concrete experimental examples are also provided to demonstrate the effectiveness of the proposed method. Results show that this approach is simple, fast, flexible and can be successfully applied to a variety of surface shapes.
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Introduction
I N the geometric modeling, smooth surfaces are usually employed to describe the surface of objects in the real world. The most popular representation of them is both the subdivision surface and the parametric surface [1] . Although the subdivision surfaces have become very popular and allow the representation of multiresolution surfaces having an arbitrary topology, they are difficult to evaluate accurately and control locally [2] . The parametric surface is not only for representing the smooth surfaces with high continuity, stability, flexibility, local modification properties but also for providing more effective and accurate differential operator evaluations. The surfaces over rectangular parametric domain such as Bzier, B-spline or NURBS have long become the powerful tool of the industrial standard in CAD/CAM systems [3] .
Based on the parametric domain, we can distinguish two types of the parametric surface, rectangular parametric surface, namely tensor product surface, and triangular parametric surface. The tensor product surfaces over a rectangular parametric domain can be efficiently evaluated using the de Boor algorithm. They also inherit most of the desirable properties of univariate Bspline (such as convex hull, intuitive and local control, etc.) [3] , but they are inherently rectangular in shape, Nga Le-Thi-Thu is with Quynhon University, Vietnam (email: lenga248@gmail.com).
Khoi Nguyen- Tan and so if the domain cannot be naturally partitioned into quadrilaterals, tensor product surfaces may be not appropriate for modeling. It is a more natural way to partition the domain into triangular regions. Compared with the tensor product surfaces, the surfaces over a triangular parametric domain not only possess all the basic advantages of univariate B-spline but also allow joining flexibly and suit arbitrary topological type. On the other hand, because control meshes of the triangular surfaces are triangular meshes, they provide multiscale resolution and conformity to complex geometries, allow for more flexible splicing and highly efficient processing [4] . Moreover, the polynomial degree of the triangular surface is lower than the tensor product one; thus, it saves computational [1] . Due to the particular advantages of triangular parametric surfaces, especially triangular B-spline, they play an important role in versatile designing and have wide applications as well as the prospect of geometric modeling. Therefore, researching into bivariate splines over the triangular parametric domain is very significant and remains an open question.
Recently, the subdivision surface has become very popular in the computer graphics and geometric modeling domain because of its multiresolution surface character with free-form topology. It is considering as a bridge between a control mesh of B-spline surface and smooth limit surface through the repeated process of a fixed set of subdivision rules on a control mesh. The subdivision is a process adding new vertices and new faces into acoarsen arbitrary coarse mesh to create a finer mesh, whereas inverse subdivision aims at constructing a coarse mesh from a given dense mesh. Because a process of the inverse subdivision can be stopped after each step, a different multiresolution representation can be obtained.
For the interesting properties of triangular B-spline and the benefit of inverse subdivision scheme, this paper presents an approach to reconstruct a triangular B-spline surface of arbitrary topology from a set of data points using inverse subdivision. Our presented technique consists of two major steps. First, a control polyhedron of the triangular B-spline surface is created by applying the inverse subdivision scheme on an initial triangular mesh. Second, all control points of this Bspline surface, as well as knotclouds of its parametric domain are iteratively adjusted locally by a simple geometric fitting algorithm to increase the accuracy of the obtained B-spline.
The main contribution of this study is that we proposed an efficient method for reconstructing the triangular B-spline surface from data points of an initial triangular mesh using inverse subdivision along with local geometric fitting algorithm. The reconstructed B-spline having the low degree along with arbitrary topology is interpolative to most of the initial triangular mesh after some local surface fitting steps. In contrast with traditional reconstruction methods, our method does not solve any linear systems. Therefore, this approach completely avoids the parametric dependency problems. Comparing with recent approaches, our technique reconstructed low degree triangular B-splines crossing through most of the given data points of a triangular mesh.
The rest of this paper is organized as follows: Section 2 presents the review of related works and describes the inverse Loop subdivision scheme as well as the B-spline surface over triangular parametric domain. In Section 3, a novel method for reconstructing the low degree Bspline of arbitrary topology using inverse subdivision is proposed. Some experimental results are presented in Section 4. Finally, several concluding remarks are discussed in Section 5.
Related works
The reconstruction of a smooth surface from a set of given data points has become increasingly important and is widely applied in many fields of computer aided geometric design, reverse engineering, vision, virtual reality, medical image segmentation, etc [1] , [3] . It is a difficult and challenging problem because of the following reasons: mesh parameterization, construction of control polygon mesh, surface evaluation, etc. However, this is still an active research problem of how to reconstruct a smooth surface from data points with geometrically accurate topology.
We can distinguish two types of surface reconstruction: interpolation and approximation. In interpolation, the data points are shaped in a grid, and an interpolating B-spline surface that passes through the data points is created. In contrast, approximation generates an approximating B-spline surface that passes near the data points, minimizing the deviation between the surface and the data points, and these data points are randomly distributed Most of the standard surface reconstructing methods interpolate the smooth surfaces by solving linear equation systems and least squares problems [5] , [6] , [7] . Although the surfaces that are generated by these methods may very well lie close to data points, they may not be very smooth, and it is difficult to control locally as well as the expensive cost of computing. To overcome these limitations, iterative geometric methods are recently studied and improved. In contrast to the standard methods, these methods cannot only avoid the computational costs of solving a large system of linear equations but also generate a series of approximation surfaces as well by updating the control points based on a point-surface distance computation and a repositioning procedure. These approaches reached interesting results, but generally, reconstructed the subdivision surfaces [8] , [9] , [10] or the tensor-product B-spline [11] , [12] , [13] . To handle objects with arbitrary topology, the reconstructed parametric surfaces are usually represented as the collection of several patches. The result is that gaps appear between neighboring patches. It is more complex to try filling these gaps.
Besides, the bivariate splines over the triangular domain such as triangular Bzier patches [14] , B-patches [15] , simplex spline and triangular B-spline [16] , [17] , [18] have also studied and extended. Although these approaches created the global smooth surfaces with the desirable properties of surfaces over a triangular parametric domain, some of them can not locally control the surface shape. Moreover, by using the initial mesh as the control polyhedron of a fitting surface, the above methods required that the number of the control points is equal to that of the data points. In real, most of the input data is very large for the detail of real object representation; thus, the result parametric surfaces that were generated by these methods have a rather high degree. To decrease the degree of a reconstructed triangular B-spline, we use the inverse subdivision scheme to simplify an initial dense triangular and employ the result coarse mesh as a control polyhedron of a fitting surface.
The inverse Loop subdivision scheme and the B-spline surface over triangular parametric domain are described as follows:
Inverse Loop subdivision scheme
The Loop subdivision is an approximating face-split subdivision scheme for triangular mesh based on the triangular splines, which produces C 2 -continuous quartic triangular B-spline surfaces over triangular meshes [2] . In each step of this subdivision, each triangular face of a coarse mesh is split into four smaller triangular faces. From the initial mesh M0, by applying i steps of the Loop subdivision scheme successively, a hierarchy of meshes M 1 , M 2 M i is generated and gradually converges to the smooth limit surface of an object. After each step i of the Loop subdivision, the vertex set of meshes M i includes two types [19] : 
and
where l is the valence of vertex p i . The β weight is a function of l and it has been selected such that the limit subdivision surface is smooth.
For the boundary vertices, by applying the inverse masks for cubic B-spline, the inverse formula is [2] :
Triangular B-spline surface
Triangular B-spline surfaces, or DMS-splines that introduced by Dahmen et al [20] , combine the pleasant local control feature of B-Patches with the global smoothness from simplex splines. For a degree n triangular B-spline surface, each control point is weighted by a degree n bivariate simplex spline. The result of this combine yields a C n−1 continuous surface [16] , [18] .
A triangular B-spline is a piecewise polynomial surface with bivariate simplex splines as basic functions. The domain of the B-spline surface is triangulation T ⊂ R 2 . The degree n triangular B-spline surface S over the parametric domain T is defined by the following equation:
where the coefficients p I β ∈ R 3 are called the B-spline control points, and they form the control net of this surface. The basic functions N I β (u) are called normalized Bsplines and determined as follows: Considering a point u and a set of points V = {v 0 , ..., v n+2 } called knots in R 2 , the degree n bivariate simplex spline M (u|V ) is defined recursively as follows [16] , [20] :
• For n = 0, a constant simplex spline with knot set V = {v 0 , v 1 , v 2 } is defined as
with the support [V ) being the half-open convex hull of the triangle V .
• For n > 0, arbitrarily select a set of three points W = {w 0 , w 1 , w 2 } from V , such that the points of W form a non-degenerate triangle. Then
where λ j (u|W ) are the barycentric coordinates of the point u with respect to triangle W .
Let T is an arbitrary proper triangulation in R 2 . Each vertex v i of the triangulation T is attached an ordered set of n + 1 knots {v i,0 , ..., v i,n } with v i,0 ≡ v i , which is called the with vertex v i associated knotcloud, where n is the degree of the surface. For any triangle I = (v 0 , v 1 , v 2 ) / ∈ T and |β| = β 0 + β 1 + β 2 = n, we define the knot set:
, v 2,0 , ...v 2,β2 } (8) which yields (n + 1)(n + 2)/2 bivariate simplex splines M (u|V I β ). To ensure these simplex splines as basic functions, which sum to one, they can be normalized, and
are called normalized B-spline, where
A patch of a triangular B-spline surface is the image of a domain triangle I. The control points p I β of the patch can be arranged in the same regular structure as the control points of a triangular Bzier patch, and they can be shared along common boundaries of two adjacent triangles in the parametric domain. A triangular B-spline surface is automatically continuous over the patch boundaries, and it allows performing of the surface of 3D objects flexibly. Triangular B-spline surfaces have numerous positive properties such as convex hull property, affine invariance, local control, automatic continuity, the ability to define a surface over arbitrary triangulation domain and model sharp features between desired adjacent knots [16] .
Considering a degree n triangular B-spline surface, the degree of this surface as well as the degree of its patches will reduce to n/2 i after i steps of inverse Loop subdivision.
The low degree triangular B-splines reconstruction method
In this section, we present a method for reconstructing a low degree B-spline surface S from the data points of an initial triangular mesh. By using the inverse Loop subdivision scheme, a control polyhedron of a B-spline is generated from the initial triangular mesh. And then, this triangular B-spline surface is locally fitted to the data points. To minimize the deviation between data points of the given mesh and the reconstructed B-spline surface, control points and knotclouds of this surface are also adjusted by a local geometric fitting algorithm. Overall steps of the proposed method such as: 1) Firstly, the given triangle mesh M (0) is constructed from the m data points: M (0) = p j |j = 1..m, and then the mesh is set up the data structure in keeping with a subdivision mesh; 2) Secondly, by applying the inverse Loop subdivision scheme to this dense mesh M (0) , we obtained a coarse one
, where i is the number of the inverse subdivision steps; 3) Thirdly, a fitting triangular B-spline S (i) is created by employing the obtained mesh M (i) as a control polyhedron of the surface:
. By this way, the reconstructed surface will have the lower degree comparing to which use the given mesh M (0) as a control polyhedron; 4) Next, the error vectors ε (i) j with respect to each data point p j of the given mesh are also evaluated: ε
. These vectors are closest distances between the data points and their corresponding points on the fitting surface; 5) Finally, based on the error vectors, the B-spline is gradually fitted for converging to the data points of the given triangle mesh. In fitting process, the position of control points, the fitting mesh, and knotclouds of the parametric domain are also updated and adjusted in each step of iteration.
By this way, a sequence of the fitting meshes is updated and then simplified, as well as a hierarchy of the fitting B-splines is successively generated after some steps of iteration in the local fitting algorithm. The process can stop when average error vector ε (i) avg is less than the given error tolerance ε. After some steps of local surface fitting, the obtained triangular Bspline surface cross through most of the data points with the smallest average error. The quality and accuracy of the result surfaces can be carried out by changing the position of control points and adjusting knotclouds in each of iteration. The proposed method is described by the diagram in Fig.4 .
Considering this computation cost is a constant time, the projections of initial mesh points p j are executed m times and suppose that the repeat-until iterates for k times. The value k depends on given error tolerance ε. Then the local geometric fitting algorithm for approximating B-spline surface has an asymptotic complexity θ (m × k(ε)). 
Experimental results
In this section, we present some experimental results to prove effective of the proposed method. All the examples are computed on a personal computer with 2.16GHz Pentium dual-core CPU and 1.0GB RAM. For each example, we consider the accuracy, degree, curvature and computational time of the obtained surfaces. Fig.5 illustrates the data points, initial triangular mesh and the obtained B-splines of Wings model after k steps of local geometric fitting. After i = 3 inverse Loop subdivision steps from the initial triangular mesh, we obtained a coarse mesh and employed this mesh as a control polyhedron of B-spline surface. After k = 3, 6, 9 steps of local geometric fitting, the triangular B-spline surface quickly converges to the initial mesh. Fig.5f shows that the result triangular B-spline crosses through most data points of the initial mesh. Fig.6 compares the quality of the approximated surface with the origin mesh of Mountain model. To evaluate the intrinsic geometric property of the result surfaces, we use the Gaussian curvature to compare the accuracy of the reconstructed surface with the initial mesh. Fig.6 shows the Gaussian curvatures corresponding with the initial mesh (Fig.6a) and the approximated surface after k = 5, 10 steps of local fitting (Fig.6b,c) . We can clearly see that a couple of curvature images in Fig.6a and Fig.6c are similar, while the curvature image in Fig.6b comparing the curvature one in Fig.6a is slightly different. This can explain that the accuracy of the result B-spline surfaces depends on the number of iterations k. Therefore, the curvature images show the result B-spline shape is well approximated to the data points of initial mesh.
The accuracy of the obtained triangular B-spline surfaces can also be carried out by the number of local fitting steps k as well as by fitting the position of control points separately with aspect to each error vector. To prove this, we evaluated the convergence of the result surfaces comparing data points of the initial meshes by two values: the average ε avg deviations between the initial mesh points and the approximated surface, and the values N ε which are percent of number of data points that the approximated surface crosses through them with the given error tolerance. Some experimental models as initial triangular meshes and result triangular B-spline surfaces are shown in Table I . And the table also shows the average ε avg deviations depend on the number of iterations k of approximating B-spline surfaces for the models. As expected, the higher the number of surface fitting step k, the smaller deviations. This said that the result surface quickly converges to the data points after several steps of local geometric fitting. Besides, the execution times that scale to the number of iteration k are also presented in the table. Even with numerous bivariate simplex splines must be explicitly evaluated to calculate a point on the triangular B-spline surface, computational times are under two minutes.
In Fig.7 , a plot of the N ε values of both Mountain and Wings models is presented to examine the convergence of the result surface comparing with data points of the initial mesh. The values N ε rapidly increase in the first three iterations and after that, they reach to 93%. The plot indicates that the reconstructed surfaces can be obtained after several steps of local fitting. The quality and accuracy of the result surfaces depend on the number of fitting steps k, the number of inverse subdivision times i at each step of fitting.
Conclusions
In this paper, we have combined the inverse Loop subdivision and the local geometric fitting algorithm for reconstruction of the low degree B-spline surfaces over triangular parametric domain.
Our approach has avoided the shortcomings of the smooth surface reconstruction by solving a linear system and least-square fitting method, and the result surfaces still pass through most data points of the initial triangular mesh after several steps of iteration. By using the inverse subdivision scheme to simplify the control mesh, the size of control mesh is only less than or equal to a quarter comparing to methods which use the given mesh as a control mesh of the reconstructed surface. The degree of the surfaces, as well as the degree of their patches, will reduce to n/2 i after i steps of reversing Loop subdivision.
Moreover, the proposed method can control the surface approximation visually and exactly by the local geometric fitting algorithm. The accuracy of the obtained triangular B-spline surfaces can be carried out by changing the position of control points in the local geometric algorithm as well as a number of the inverse subdivision times. The reconstructed triangular B-splines having degree n are global smooth and C n−1 continuous on the triangular parametric domain. They can be locally controlled the shape by moving positions of control points.
The reconstructed surface is obtained in such a way that it is approximate to the original data points and can be considered as a compression surface. Numerical results and graphical curvatures are provided to illustrate that the obtained B-spline surfaces have good quality, across through most of the data points of the initial mesh. By using the inverse Loop subdivision as the control polyhedron of the surface on triangular parametric domain for reconstructing the low degree B-splines, our method has practical significance and is promising in areas such as mesh compression, surface editing and manipulation, versatile design, especially for reverse engineering and virtual reality.
